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1. i} State the definition of the Laplace transform £(f(¢)} and use it to find £(1)
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ii) If F(s) = £{f(t)) use definition of the Laplace transform to find E(%{-).
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iti) Use Laplace transforms (and the given table) to solve the differential equation
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2. i} Solve the differential equation

Wy =

with the initial condition 3{0) = 1/2. For what values of ¢ i3 the solution valid?
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ii) Sketch the direction field and find all fixed peints (or equilibrium points) for the differential
equation
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ili) Witnout sclving the above differential equation find the limit of y(t) as t — oo of the above
equation for the two initial conditions ¢,(0) = 1 and 9(0) = -1
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3. A ball of mass m ie dropped from the CN tower and falls under the action of the force of gravity
F; = —mg and air tesistance F, =-ku(t}. The position is given by ¥(t) and the origin of the
coordinate system is assumed to maten the ball's position at t = 0. Thi is not moving at ¢ = 0.

i) From the sign of the two forces, which way does the axis point?
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ii) Write down Newton's law for this situation and rewrite it as a differential equation for ‘b(t)
NOT z(t). What is the initial condition?
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iil} By solving the differential equation OR by some ofher 'means show that the ball reaches &
terminal velocity and find an expression for the terminal velocity.
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4. i) A coffee mug of height 0.2 meters has a circular cross-section that varies in radius with
height as

z
r(z) =0.05+0.055

where 0 € z € 0.2. Make a careful sketch of the mug and find the volume of coffee it
contains when full.

ii) Given that he concentration of caffeine varies as a function of height according to
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0.2
find the average concentration of ceffeine in the cup (your answer will depend on Cj).
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6. 1} Does the integral

flme@(—s’)ds
converge? Justify your answer by a suitable Comparison Theorer.
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i) If the position of & particle is glven by
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6. The velocity of a forced simple harmonic oscillator is given by the equation
u{t) = tcos(t)

i) Sketch u(t), find »(0} and discuss the behaviour of v(t) for large £.
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ii) If 2{0) = —1 use the v(t) from part i) to find =(t). Discuss the behaviour of (t) for large t.
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