MATH 128 Calculus 2 for the Sciences, Solutions to Assignment 9

: (a) Approximate v/110 so that the error is smaller than 1gss-

. 1/2 D) w2, (B)(1)(=3) 5 \3
Solution: Let f;( ) = \/100+x* 1(1)(1+100) 2 —10(1+1 24+ @ )(100) +7(2)( 2 2’(100)1+~~) =
10+5; 1033 222110333 + 283'10o ’— 244?15(’)795 +-- j;hen V110 = f(lO) =10+3 2 222'10 + 331107 — 244?1%3 +-

=~ 10 + 5 — i = % with absolute error £ < 53155z = 16100 1000 by the A.S.T.
(b) Approxnnate In(5/6) so that the error is smaller than g5 .
Solution: We provide two solutions. First, let f(z) = In(l — 2) = —2 — 2% — $2° — %x‘l — -+, Then

5\ _ p(1y _ _1 1 1 1 ~ 1 1 1 _ 1.4 ¥ _Tis _
n(g) = £(5) A A I R = —3; with
absolute error E = 0 + —te + A5 + -+ < 4.164-1-4_%5—1—%-1--“:%: soos = 1350 < 70950 by the C.T.

For the second solution, we let g(z) = In(1 +2) = z — 32>+ 2% — 12" + ---. Then we have

5 —In (& _ _ 1 1 ~_1 11 _ 1,1 1 137 i}y
In(3)=-In(%) = 9( )T 5+252 5 1 152 =—s5tae 3= "51T50 35— oW
absolute error £ < ; 4 = 5550 2000 by the A.S.T.

U5 In(1+z
: Approximate / g dx so that the error is less than ﬁ.
0 X
V5 1n(1 + = 15, 1,2 1.3 1.4 1/5
Solution:/ Mdat::/ 2 3 4 dacz/ 1—%Z‘+%$2—%$3+"'d1‘=
0 z 0 z 0
3_ 1,4 Ve 1 1 1 1 1 19 -
[:1772250 +32I74*2 +i| :g*w+w+w+"'ggfw:mWIthabsoluteerrOr
_ 1
E< 3253 = 1125 1000’ by the A.S.T.
sinztan™! z — 22
: (a) Evaluate the limit lim
z—0 (1 —cosx)?
sinxtan~!x — 22 z— i3+ ) (v -t 4 ) —a2? —dat 4
Solution: We have lirr%) a E = lir% ( 6 )( N 3 5 ) = lin%%
L x cos T z (1—(1—§x—|—-~~)) © (Ex _|_)
—=zx +

=lim —2—— = —2.

z—0 %.’LA—‘F

(b) Find the ninth derivative f(*(0), where f(x) = (8 + x3)%/3.

w

Solution: f(z) = (8+2%)2/3 = 4(1+ % )2/3 a1+ 22 2 () (%)2—&-7(%)(73%!)(7%)(%)3—&----),So

cg = % = 2155 and FO0)=9l¢cy = 3425 = 140.

: Find the Taylor polynomial of degree 5 centered at 0 for the solution y = f(z) to the initial-value problem
(1 -2)y"” — 2y = 4 with y(0) =1 and 3/(0) = 3.
Solution: Let y = ag + a1z + -+ + azx® + -+ be the solution. Since y(0) = 1 we have ag = 1 and since
y'(0) =3 we have a; = 3,50 y = 1 + 3z +asz? +---asz® +-- -, y = 3+ 2a2x + 3azx? + 4asx® + Saszrt + - - -
and y" = 2ay + 6asz + 12a422 + 20as52> + - - -, so
0=(1—-2)y" —2y—4
= (1 — 2)(2a2 + 6asz + 12a42° + 20as2® + -+ ) — 2(1 + 3z + aza® + aza® + -+ ) — 4
= (2a3 — 2 — 4) + (6az — 2ay — 6)x + (12a4 — 6as — 2a2)2* + (20as — 12a4 — 2a3)x> + - --

(2a9 — 6) = 0 = ay = 3, (6a3—2a2—6)—0:>a3—2 (12a4—6a3—2a2)—o:>a4_}—§:gand

(20a5 — 12a4 —2a3) =0 = a5 = 32 = 1t. Thus y = f(= )f1+3x+3x + 223 +%x4+1—1x5+ -+, and so
the Taylor polynomial of degree 5 for f( )1s Ts(x) =1+ 3z + 322 + 2% 4 324 + 122°



5: Evaluate the sum of each of the following series.

n=0
0o _1)» oo _9)n 00 _1)
Solution: Recall that cosz = Z ((Qni! 2", s0 Z ((Qn))' = Z ((Zn))! (vV2)*" = cos(V2).
n=0 n=0 n=0
> n
b
(b) ;::0 (n+1)!
Solution: We have e* — 1 i 7 i il SO e -1 i 7;571 Differentiate both sides to get
: v —1= — = = .
Lol T (1) &t &
ze® —(e®—1) = na" ! . > n
T:z::om Thenput 1n:1?=1t0get ngom =



