MATH 128 Calculus 2 for the Sciences, Solutions to Assignment 2

: (a) Let R be the region given by 0 <y <1 — ixz and —2 < x < 2. Find the volume of the solid obtained
by revolving R about the z-axis.
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Solution: The volume is V' = 2/0 7r(1 - %:ﬂ)z dx = 27r/0 1-—- %x2+ %6254 dxr = 27r[x— %xg—l- 81():35L =
4,2y _ 32
27’((2—5"‘5) —T57T.
(b) Let S be the region given by 122 —1 <y < 1— 122 and 0 < z < 2. Find the volume of the solid
obtained by revolving S about the y-axis.
2 2

Solution: Using cylindrical shells, the volume is given by V' = 2/0 2rx (1 — ixz) dr = 47r/0 T — i 22 dz =

2
4m [% z? — & mq =4r(2-1) =4r.
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1
: Let R be the (infinitely long) region given by 0 < y < T and z > 0.

i
(a) Find the volume of the solid obtained by revolving R about the z-axis.

o

Solution: The volume is given by V = /

Wmdl‘. We let tanf = z so secf = 1+ z2 and
e T
¥ ”0/2 sec? 6 df /2 /2
sec2df = dx, and then we obtain V = T = 7'('/ cos®0df = 7T/ % + %00529 df =
B 6=0 sec* 6 0 0
W[é@—&—}lsin%} :%2.
0
(b) Find the volume of the solid obtained by revolving R about the y-axis.
(oo}
1
Solution: Using cylindrical shells, the volume is V' = / 21 x 1522 dr. Let u = 1+2? so that du = 2z dx,
=0 €

oo 1 0o
andthenV:ﬂ/ fdu:ﬂ{lnu}l =0

u=1U
: Find the volume of the solid which is obtained by revolving the disc (z — 1)? + 32 < 1 about the y-axis.

2
Solution: Using cylindrical shells, the volume is V = 2/ 2rx/1 = (x—1)2 dz. Let sinf = =z — 1
=0

/2

so that cos = /1 — (x — 1)? and cosfdf = dz. Then we have V = 477/ (sinf + 1) cos @ cosfdf =
0=—m/2
m/2 w/2 /2
471'/ sin9c0s29+00829d9=477/ sin@cosQH—l—%—l—%cosQG d9:4ﬂ[—§c0s39+%9+isin29 =
—m/2 —m/2 —7/2

47 (% + %) =272,



4: A circular hole of radius 1 is bored through the center of a wooden ball of radius 2. Find the volume of the
remaining portion of the ball.

Solution: We provide two solutions. For the first solution, we note that the remaining portion of the ball is in
the shape of the solid obtained by revolving the region given by 1 < y < v/4 — 22 and —/3 < 2 < /3 about
the z-axis. The cross-section at x is shaped like an annulus (that is a circular disc with a smaller circular hole

in the center) with outer radius v/4 — 22 and inner radius 1. The cross-sectional area is A(x) = 7m(4—2?)—7 =
V3 V3
7(3 — 22). The volume is V = 2/ (3 — 2?)dx = 27 [31’ - éx‘s} =2m (3v3 — V3) = 4nV3.
0
For the second solution, we note that the remaining portion of the ball is in the shape of the solid

obtained by revolving the region given by —v4 — 22 <y < V4 —22 and 1 < z < 2 about the y-axis, so
2
using cylindrical shells, the volume is V' = 2/ 27 x\/4 — 22 dr. Letting u = 4 — 22 so that du = —2z dx

r=1

0 0
we obtain V = / —2my/u du = =27 [g u3/2] = 27 (72\/3) = 47/3.

u=3 3

5: Find the arclength of the curve y = e* with 0 < z <In2.
In2

Solution: We have 3/ = €% so that arclength is L = V1+e2e dz. Let u =1+ e2® so that u? = 14¢€2*
z=0
V5 2d V5
and 2u du = 227 dz, sodx:%du: 2u du. ThenweobtainL:/ u27u:/ 1+— du =
e ué —1 u=yz u? —1 V2 ut —1
V5 1 1 u—1 V5 N /3
2 3 _ 1 _ 1 5-1) _ /5 _ 1 3-1
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