MATH 128 = Calculus 2 for the Sciences, Fall 2006
Assignment 4 SOLUTIONS

DueFriday, October 13in Drop Box 9 before class
To receive full marks, correct answers must be fully justified.

1. Show thaty =£sinx+zcosx+£€* is a solution of the dferential equation (DEY” +y = €.

Solution: From the given expression fgr

2 4 2 2 4 4
= Zcosx— = sinx+ —eX "= —Zsinx— = cosx + -~
=Y = 3 g Sinx+ €7 =Y’ =3 5055

, 2.4 4, 2 4 1,
>V +y = 3 sinx écosx+§e2 +§smx+§cosx+§e2
Canceling terms on the right-hand side and then simplifying, we have:

y' +y = (g+%)e2"=e2x,

as desired.

2. Find all solutions of the forny = Ax+ B+% to the DEX(Y')? +y :%x+ 1+X%.

Solution: From the given expression fgr

C , cy¥ ., 2AC C?
=Y = Ao UP=(A-g) — RS S
2AC C? c 3 4
2 _ 2 _
= XY)+y = x(A -2 +X4)+AX+B+;—ZX+1+ﬁ
2A 2 4
= x2S S axiBr Sk 2
X 3 X 4 x3

Collecting the left-hand side in cfigients of powers ok:

1 1 3 4
2 L 2 _9 i
= X(A +A)+X( 2AC+C)+X3(C)+B 4X+1+x3

Matching codicients of powers ok on both sides:

X:B=1,

%:C?=4sothaC = 2,

)1(: —2AC+C =C(-2A+1)=0sothatA = % since we already kno® # 0,
x!: A2+ A= 2: our value forA = 1 also satisfies this condition

Therefore, we see there are two solutions when we back-substitute the valde8fandC into the
given expression foy:

2

y = §+1+)—(,and
X 2
= Z41-Z
y 2+ X
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3. Below is the slope (or direction) field @f = cosx cosy.

(a) On the given slope field, sketch the graphs of the solutions that satisfy the following initial condi-
tions: y(0) = 0,y(2) = —n/2, andy(2) = 2. Clearly label the three curves.

Solution:

y(2) = 2: top curve 7 77 == O\ NI\ NN ~— s S

y(0) = 0: middle curve 7 2NN N~
YNNI\ N 7

y¥(2) = —n/2: bottom curve e SO

S e — NS NN o
S NN\ N~ 2 S
/S PN\ NN~ S
/S TN\ N\ N~

(b) Find all of the equilibrium solutions of the DE.

Solution: Equilibrium solutions are constant-valued solutigns y* of the DE
y = cosxcosy* = 0. Here, this can happen only when gbs 0, which occurs for
V' ==xn/2,+31/2, £57/2, ... (i.e., odd integer multiples of/2).

4. Find the general solution to each of the following DEs.

(a) ¥ +ey =0,

Solution:
dy . dy n _ _
E(qteX Y=0=> ax = - =& =>eVdy=-€edx=> | eVdy= | —e*dx
=>-€eY = &+CoeV=e-C>-y=Inle*-C|
Yy = —-Inlegf-C|
Note: the final answer can hav€ instead, as long as you've renamed it elsewhere.
dx _ e‘cog9
(0) G6 = “Xcsoa -
Solution:
Xax = 95000 - xerdx= %4  singcoLds
ex csco 1
sing
= fxe‘xdx = fsinecos2 6de

where we use integration by parts for the integral on the left:

U=x=du=dxdv=e*=v=—-e%
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and we letw = cosf# = dw = — sinddo on the right:
= —xe‘x+fe‘xdx = —fwde: —(g +C1)
= -xe¥-e* = _coja +C (C2=-Cy)
Lxet+et = eX(x+1)= cosg +C (C=-Cy)
(where factoring the left-hand side here is not necessary).
2 —
©) A+x)Y +2xy=771-
Solution: Rearrange the DE in standard linear foiyh:+ P(X)y = Q(X):
2X 1 2X
= — S P(X)= —_
)/+1+X2y (1+x2)2:> 9 1+ x2
= the integrating factor(x) = e/ PMdx = o 52X _ gn@od) _ 1 4 42
2X
2 2 _ 2
:>(1+X)y+(l+X)1+X2y = (1+X)m
d 5 1
= &((1+ X)y) = 172
= fi((ux?) Ydx = f 1 ax
dx Y B 1+ x2
= @1+x¥)y = tanlx+C
. tarlx+C
YT TITe
5. Solve the following initial value problems.
() 9= KkL2Int, L(1) = 1.
Solution: Rearrange the DE by separating variables and then integrate:
dt =kintdt= fd—L = fklntdt
L2 L2
where we use integration by parts for the integral on the right:
u=Int=du=dt/t;dv=dt=v=t,
1
=-T k(tlnt—fdt):ktlnt—knc
1
=T —ktInt+kt-C
1
=L = Sdnteki=c
1 1
Ll)=-1=-1 —k(1)|n1+k(1)—C_k—C=>k_C__1=>C_k+1 (In1=0)

—ktint+kt—-k-1
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(b) xy—27=x ¥(1) = 0, x> 0.

Solution: Rearranging the DE into linear form:

y - Y 1=

X(x+ 1) -

P(x) =

X(x+ 1)

= I(X) = e_fﬂ%; = e_fé+%.dx

using partial fractions, we now solve férandB to determind (x).

1
X(x+ 1)
= 1=Ax+ A+ Bx

= (1=A0=A+B)
= 1(x) = e w1

X+1 _x+1 y

A B A(x+1) Bx

X x+1  x(x+1)  x(x+1)
X(A+B)+A
=>B=-A=-1

e niein(eeD)) _ g nxgnGeed) gy 1y = X; 1

X+ 1

= X y X X(X+1) X
X+1, 'y 1+}
X X2
:E XL]- 1+ -
dx X y X
d|/x+1 1
ﬁf& (T)y dx f1+;(dx
X+1
= (T)y X+Inx+C (can apply IC here, or later)
- Xx+INx+C x2+xInx+Cx
Y xl X+ 1
1+In1l 1
y1)=0=0= +n2 +C -;C=>C+1:0:>C:—l (In1=0)
X2 + xIn x = X
Y - -

X+1



