MATH 128 = Calculus 2 for the Sciences, Fall 2006
Assignment 6 SOLUTIONS

DueWednesday, November in Drop Box 9 before class

To receive full marks, correct answers must be fully justified.

1. Find the limit of each of the following sequencas if the limit exists.
(Unless otherwise stated, assume thatl, wheren is a positive integer: ,2,3,....)
Vn?—6
(@) an = ,n>3
5+ V4n2+3n+2
VEs _un __NER)

1
= 1
5+ V4n2+3n+2 1/n %+\/(4+%+;22 V4

Therefore, the sequence is convergent.

Solution: a, = =} asn - .

n!
(b) an =3n
Solutlon an=15= égg 0=1.2.3.2...01. 0= 1.2 (product ofn — 3 terms, eack 1)- §
= an> % (1) 3= 27 — o0 ash — oo. Therefore, the sequence is divergent.

(c) a1 = 0,an:1 = 1 — a, (Hint: calculate some terms of this recursive sequence.)
Solution: {a,} ={0,1,0,1,0,...}, which has no limit, since the terms alternate repeatedly between
0 and 1, so the sequence is divergent.

2
(@) an =00

Solution: Let f(x) = w and considek — oo:

. . (Inx)? .
lim f(x) = lim (Inx)* <2 type, use I'Hospital’s rule (H):
X—00 X—00 X o0
i 2Inxi _oj In x t
gEp A o X T e YPE
1
H im X _
B 2x|'_>r?o 1 0.
Therefore, the sequence is convergent.
_(=100
(€) an 32n+1
0 -10 0 n_ n
Solution: a = G = Q¥ = 150 = (-9 =5 (%) 5 wasn—> .

Therefore, the sequence is divergent.
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2
+1 ) . . .
2. Leta; = g andap, :anT, n > 1. Determine whethgia,} converges, and if so, then find the limit.

Solution: The first few terms ara; = 5/2,a; = 29/8, andaz = 905/128. Since the sequence appears
to be increasing, we shall try to prove using mathematical inductiorathata,.1 for all n > 1.

Proofthata, < an,q foralln> 1:
(1) Checkn=1:a; =5/2 < 29/8 = ay.
(2) Assume true fon = k: ax < aky1.

() Provetruefon = k+ 1:ag < a1 = a4l < a1’ @ al + 1l < a1+ 1= %*1 < ak%zﬂ =
a1 < a2, (based on the definition @f,.1). So, we have proved tha} < a,1 forn=k+ 1.

Thus, by mathematical induction, we have proved tak a,.; is true for alln. (That is, we have
proved that the sequence is increasing fongll

Convergence

We have yet to determine whether the sequence is convergent. (So far, we know that it is increasing
from 52. But is the sequence bounded by some vdl@g,

If the sequence is convergent, then all terms in the sequence must approach the same limiting value,
L, asn — . If so, then we can say thal, — L and also thaf,,1 — L. Using the definition of the
sequence we have:

_L%+1

L 52L=1%+1=>12-2L+1=(L-12=0=>L=1

We have arrived at a contradiction, since our mathematical induction proof revealed that the sequence
is increasing for alh from an initial value of 32 =25> 1= L.

Therefore, the sequence increases without bound. Thus the sequence is divergent.

3. Letx; = V2 Xni1 = V2 + Xn, N > 1. Determine whethdx,} converges, and if so, then find the limit.

Solution: The first few terms of the sequence aie= V2, % = V2 + V2, andxs = \/2 + 2+ V2.

It appears that the terms in the sequence are increasing.

Aside We can see that, > x; since 2+ V2 > 2 and, sincey/- is an increasing function, then

2+ V2> V2. Likewise,xs > Xp since 2+ \/2+ V2> 2+ V2= {2+ \/2+ V2 > \/2+ V2.

Since the sequence appears to be increasing, we shall try to prove that,.1 for all n > 1 using
mathematical induction.

Proofthatx, < Xn+1 for alln > 1:

(1) Checkn = 1: x; = V2< 4/2+ V2=x

(2) Assume true fon = ki X < Xiy1.

(3) Prove true fon = K+ 1: X < Xo1 = Xk + 2 < Xk1 + 22 VX +2 < VXip1 + 2 = Xka1 < Xks2,
(based on the definition of,,1). So, we have proved that < X1 forn=k + 1.

Thus, by mathematical induction, we have proved thak xn.1 is true for alln. (That is, we have
proved that the sequence is increasing fonall
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Convergence

We have yet to determine whether the sequence is convergent. (So far, we know that it is increasing
from V2. But is the sequence bounded by some val@®,

If the sequence is convergent, then all terms in the sequence must approach the same limiting value,
L, asn — . If s0, then we can say that — L and also thak,.1 — L. Using the definition of the
sequence we have:

L=V2+L=L1%=2+L=>L?-L-2=(L+1)(L-2)=0=>L=-1lorL=2

SinceL > 0 (the sequence terms are increasing from an initial valué)f the limit must be 2.

4. Find the sum of the following series, if the sum exists. If the series is divergent, clearly justify your
answer.

(@) Xp,sinn
Solution: Since lim_,., sinn does not exist, the series is divergent, by the Test for Divergence.

oo 1+3"
(b) Zn:l 2n+1
Solution:

1+3 -
S - Yt s 30w 3

where the first series is a convergent geometric seriesl(2) but the second series is a divergent
geometric serieg (= 3/2). Hence the given series is divergent.

00 1_32—”
(©) anl Ton+2
Solution:

n=1

- 1-3" &1 433" 11l 91l
Z on+2 _Zznzfz M2 T 4Lun 4Luen
n=1 n=1 n=1 n=1 n=1

where both series are convergent geometric series: the first witty 2, the second with = 1/6.

o _ Q2-n
:Zl 3 :3( 12 )—Q(LG)=1/4—9/20=—1/5
n=1

2n+2 4\1-1/2) 4\1-1/6

2n3
@ Zn 1 n2+4n+3
Solution:

We attempt the Test for Divergence first: im, = oo, therefore, the series is divergent.

n2+4n+3
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00 2
© Zn-1 n2+4n+3

Solution: Using partial fractions, we express tN&" partial sum as

N N N
2 A B An+3A+Bn+B
SN= ) ——— = — 4+ — =
N nZ:;n2+4n+3 nz:;n+l n+3 nZ:; N +4n+ 3
=2=An+3A+Bn+B = nA+B)+3A+B={2=3A+B,0=A+B}
=>A=-B=2 = -3B+B=-2B=>B=-1=A=1
N, 1 1
SN = -—
= >N nzz;n+l n+3

b3 (-3) (-3

+1'—E+ +1— 1 + t 1
5 7) 7 N N+2 N+1 N+3

1 1 1 1

273" NT2 N+3

(a telescoping series; many terms cancel).
Therefore,Z‘r’,":l m = IimN—»oo SN = IimN_m (% + % -1 _ L) = % + % = % Thus, the
series is convergent.

5. When money is spent on goods and services, those that receive the money also spend some of it. The
people receiving some of that twice-spent money will spend some of that, and so on. Economists call
this chain reaction thmultiplier efect

Suppose that nationwide, approximately 92% of all income is spent and 8% is saved. What is the total
amount of spending generated by a 50 billion dollar tax rebate if saving and spending habits do not
change? (Justify your answer by setting up the terms in the sequence that are to be added indefinitely,
i.e., show the total amount of spending in terms of a series, and find its sum.)

Solution: The initial amount spent is $50 billion. Lef = 50.

The original recipients of the rebate spen8iZ{50) billion dollars. Let, = 0.92(50).

This amount, becomes new income, so tha®®(092(50)) is spent to yieldz = 50(092).
If this process repeats indefinitely, then the total amount spent is

T =50+ 50(092)+ 50(092F + ... = Z 50(092)",
n=0

which is a convergent geometric series watk 50 andr = 0.92, so thafl = %992 = 625.

Therefore, the total amount of spending generated is $625 billion (including the initial spending by the
government).



