MATH 128 Calculus 2 for the Sciences, Solutions to Assignment 3

: (a) Find a solution of the form y = az? + bz + ¢ to the DE "y + 22 = y.

Solution: Let y = ax? + bz +c¢. Then ¢ = 2ax + b and y”’ = 2a and so we have "y + 22 = ¢y —
2a(2ax + b) + 22 = ax? + br + ¢ <= 22+ 4a®x + 2ab = az? + bx + c. Equating coefficients gives 1 = a,
4a® = b and 2ab = ¢, and so we must have a = 1, b = 4 and ¢ = 8. Thus the only such solution is
y=x?+4z +8.

(b) Find constants 7 and ro such that y = €™ and ™% are both solutions to the DE 3" + 3y’ + 2y = 0,
show that y = ae™* 4+ be"* is a solution for any constants a and b, and then find a solution to the DE with
y(0) =1 and ¢'(0) = 0.

Solution: Let y = €. Theny’ =re" andy” =r2e™ andso y’+3y'+2y =0 < r2e"™4+3re’ 42 =0

— (2 +3r+2)e®=0 < (r+1)(r+2)e®=0 <= r=—1orr=—2. Thus we can take 7 = —1
and ro = —2.
Now, let y = ae™® +be™® =qae *+be 2*. Then ¢y = —ae ® —2be 2® and v/ = ae ™ + 4be 2

and so we have 3 + 3y’ +2y = ae™* +4be ™ —3ae " —6be 2% 4+ 2ae* + 2be~2* = (0. This shows that
y=ae % +be 2 is a solution to the DE. Also, note that y(0) = a + b and y'(0) = —a — 2b, and so to get
y(0) =1 and y’(0) = 0 we need a +b =1 and —a — 2b = 0. Solve these two equations to get a = 2 and
b = —1. Thus the required solution is y = 2e~% — e~ 2%,

: (a) Sketch the direction field of the DE ¢ =y — 2% + 1.

(b) On the same grid, sketch the solution curve with y(0) = 1, the solution curve with y(0) = 0 and the
solution curve with y(0) = —1.

Solution: The isoclines, which are the parabolas m = y — 2% 4+ 1 where m is the slope, are shown below in
yellow, the direction field is shown in green, and the three solution curves are shown in blue.




3: Solve the following differential equations.

(a) 2y’ + 2y = V1 + a2

: . . . o 2 1+ 22 : : .
Solution: This DE is linear since we can write it in the form 3’ + =y = ———. An integrating factor is

2
)\:.gf'”dgC = e2"® — 22 and the solution is y = z%/x\/l—l—xgdx =L (1 +22)%2+0).

(b) y' =y*+3y+2
Solution: This DE is separable. Note that y?+3y+2 = (y+1)(y+2). When y # —1 or —2 we can write the DE

as m 1 and integrate both sides. We find that y is a solution <= / Hfim = / dx
LT dy=x+c1 < hnly+1—-lnjy+2|+cw=c+c¢ < 1n‘ +1’ =zr+c =
y+1 y+2 y+2

‘Zié e = e’ = ZTJF; =tee’ =ae” <= y+1l=yae"+2ae” <= y(l—ae”)=2ae"—-1

Qaei—ml, where ¢; and ¢y are arbitrary constants, and we have written ¢ = ¢; — ¢o and then

a = te°. SlIng the constant functions y = —1 and y = —2 are both solutions to the DE, the general solution

2ae” — 1

1 , where a is arbitrary.
—ae

is given by y = —2 or y =

4: Solve the following initial value problems.
(a) (1 + 2%y = zy with y(0) = 2.

Solution: This DE is both separable and linear, and we choose to solve it as a separable DE. When y # 0
/

we can write the DE as v _
y 14z

y(0) = 2 we shall consider the case that y > 0. Then y is a solution <= Iny = {In(l + 2?) + ¢ <
1 n 5132 c
y=e’ lHatte av/'1+ z2, where a = e°. The condition y(0) = 2 then gives 2 = a and so y = 2v/1 + 2.

5 then integrate both sides. Since we are interested in the solution with

(b) 2%y’ —y =1 with y(1) = 1.

Solution: This DE is both separable and linear and we choose to solve it as a linear DE. We write it as

1 1 1/x

—_1q
"— Sy = —. An integrating factor is A = ef 2% — el/z and the solution to the DE is given by
x z

=e == e T =e" —e +c)=—-14ce /*. Putin =1ltogetl=—14c/esoc=2e
and the solution to the IVP is y = —1 4 2¢e'~1/%,

5: Solve the IVP y"” + 2y’ = 4z with y(0) = 0 and %'(0) = 0. Hint: let u =y’ so v’ =y".

Solution: Let u = 3’ so that v’ = y”. Then the DE becomes u’ +2u = 4x. This is linear; an integrating factor

2dx

isA= ef = ¢2% and the solution is u = e~2*

/410 e?® dz. We integrate by parts using u = 4z, du = 4 dx,

v = %e% and dv = e** dz to get u = e~ 2% <2:c e2r — /262”” d:c) =e 2 (233 e — 2 c) =2r—1+ce 2",
To get u(0) = 0 we need —1—|—c-050c-1 andsovvehaveu—Qx—l—l—e_2z that iby’—2x—1—|—e_2””

Integrate to get y = 22 —z — 2 e72* + d. To get y(0) = 0 we need —% +d = 0so d = 1, and so the solution

2 7; —2x
isy==« T—35e€ +2



