MATH 128 = Calculus 2 for the Sciences, Fall 2006
Assignment 7 SOLUTIONS

DueWednesday, November &1 Drop Box 9 before class

To receive full marks, correct answers must be fully justified.

To assist you, possible convergence tests are noted using the following abbreviatjons:

Divergence TestDT, Integral TestIT, Comparison TesiCT,
Limit Comparison TestLCT, Ratio TestRT, Alternating Series TesAST.

Not all valid testgmethods are necessarily listed for each problem.
State which test you use and explain all steps.

1. Determine whether the following series converge or diverge.
(@) Yooy 2 (LCT, CT, or expand)

n2
nee
Solution (LCT): Sincea, = %2 ~ & = L for largen, letb, = £. Sincef2 = & = M =1+ &
n
also

n
1> 0asn — oo, and sinces by, is a dlvergent p-seriep(= 1), thenz ais divergent, by the
LCT.
_1

Solution (CT): Sincen+e>n= ”n+ze > n2 = &, and sincey % is a divergent p-series 1), then
> 5 diverges by the CT.
Solution (expand) Since}, 5 = ¥ 1 S5=2 ivy = is the sum of a divergent p-series=(H
and a convergent p-series<), respectively, the given series is divergent.

) Zommr (T

Solution (IT): Let f(x) = X(In e SO thata, = f(n). Forx > 2, f(X) is positive and continuous. We
can see that(x) must be decreasing since,»xascreases, Ix increases, so then must the product
x(In X)® increase. Therefore, the reciproca((In x)3) must decrease. Or, we can profi) is
decreasing by examining the derivativefdk):

/(0 = ExIn %%t = = [x((In%)%)72- ((In %)% + 3x(In x)?- £)| < 0
(all terms inside the square brackets [] are positive).
With the substitutions = In x = du = £* we have:

fmf(x)dx—foo dx —fm@—lim SN L S S B
2 Jo x(Inx)® T Jn2 w8 bow| 202, bow\ 202 2(In22)  2(In2)p

SincefZC>o f(x) dxconverges, thel, , a, also converges, by the IT.
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© I, F (DT or RT)

Solution (DT): Sinced: — oo asn — oo (see Assignment 6), thé™ ; 5 diverges by the DT.
n+1)!

(e .

Solution (RT): Letay = §. ThenZ: = 3”DrTT1 =S —ml o> 1asn - o0, S03Y, an
T I

diverges by the RT.

d) T2, 7 (CT or RT)

Solution (CT): Since 4 + 4n > 4" = 4.1# < z, and sincey, # = Z(%)n is a convergent

+4n
geometric serieg (= 1 7 < l) theny.”; 7wz converges by the CT.

+4n

Solution (RT): Leta, = 4"+4n Then
__1 n n 1 1 4n
a-n+1 _ 4”+1+4(n+1) 4 + 4n 4 + 4n 4n _ + - 1. < 1 as N oo
an T T 4n+l) M@ +n+ 1)L 4(1_'“1n +4n) 4 ’

S0 ,1 @ converges by the RT.

© I,y RD

(f)

3n+1
Solution (RT): Leta, = 3. Then@ = (”%111 = & = 2 > 0< lasn - o0, SOXY,
converges by the RT.
I (€D
Solution (CT): Since|sinn| < 1 for alln > 1, thenja,| = [$4°?| < &, and sinceX, & = ¥ (l)n is a

e
convergent geometric serigs<£ 1/e < 1), theny > ; |5g”| converges by the CT. They;”; an is

absolutely convergent and thus convergent.

@ I, 0 (CTorIm)

n

- ) 2 2 _ (Inn)? 1
Solution (CT): Forn > 3,Inn > 1 = (Inn)* > 1° = 1 = /= > =, and since},’ 5 ﬁ s a

divergent p-series @), 3> o ('”n”)z also diverges, by the CT. ThLEn:1 ('”n”) = anl
s @ also diverges.

Solution (IT): Let f(x) = @ so thata, = f(n). Forx € (1, o), f(X) is positive and continuous.
We consider the derivative df(x) to determine whethef(x) is decreasing:

(2(Inx) - x—(Inx)*- 1 _Inx2-Inx)

<0o2-Inx<0=2<Inx= x> €.
X2 X2

f'(x) =
Thus, the IT can be used for> €. We must choose the next highest integer vadder x (to
correspond to the indexof the series):

e Without a calculator: since2e<3=>¢e?<9=k.
e With a calculator: since? ~ 7.4 = k = 8.

Hence we apply the IT fox € [k, ) to draw conclusions for the corresponding sepigs,

(Inn)? (In n)
n

(Inn)?
oot

is finite, our IT conclusion regarding ..

{ Note: since}s ; will also apply toy>,, .

With the substitutionn=Inx = du= and fork = 8 or 9, we have:

00 00 2 00 3 b 3 3
f f(x)dx:f mdx:f u>du= lim [u_] = lim (b___(lnk) )—>oo
K k X Ink boeo| 3 |y bow\ 3 3

(In n)

Slncefk f(x) dxdiverges, so doey’ , by the IT. Thereforey, > ; w also diverges.
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h) o, o (CT or RT)
Solution (CT): Since

nt 1.2.3- (n 1-n }g
“non

-1-1---1:32forn22
n

ST Thnno-nn
(sinceﬁ, S ”— , 1 are each less than or equal to 1 wimen 2) and smcez is a convergent
p-series (B2), t eny >, & nn converges by the CT. ThereforQ‘anl =1 + Yne2 N s also
convergent.

Solution (RT): Leta, = &. Then
(n+1)!
a1 e (ALY (n+Dni _( n

an r’]—; T (n+ )™t (n+ D+ 1) (n+ 1) n+ 1.

asn — co. Hence},; ; a, converges by the RT.

2. Determine whether the following series converge absolutely, converge conditionally, or di-
verge.

@) Xng m (AST and LCT)

Solution (AST + LCT): Leta, = \/_(_5 Thenla,| = ﬁ' Sincen(n + 1) is increasing for
n > 1 and sincey/- is an increasing function, then the sequefiagl} decreases to 0 as— oo.

Thus,Y a, converges by the AST. Sin¢a,| = m ~ \/% =1 leth, = 1. Since

1 1

Vn(n+1) n n ‘ 1 1
@z = = %: = —1>0as n— oo,
br 3 Vv2+n  Vn2+nj /ni;n 1+1

and ) by is a divergent p-series §1), then} |ay| diverges by the LCT. Thusy, a, converges

conditionally.

(b) =R,k (ASTorR)
Solution (absolute convergence)Let a, = &4 = (4(11)n5n = (j)n( ) Thenlay| = (16)n.
Since}’ |aq| is a convergent geometric series{5/16 < 1), then}, a, converges absolutely

Solution (AST): Leta, = S = (4(11);;n = (j)n( ) Thenlaq = §( 6) . Since the sequence

{lan|} decreases to 0 as — oo, then)’ a, converges by the AST Sincg |ay| is a convergent
geometric serieg (= 5/16 < 1), then}; a, converges absolutely.

_1n+1 5 n+1
Sr—(%)

4 =2
=lT=er |t 76 < 1, hence
4 \16

an+1

Solution (RT): Leta, = %2 = (;(11)6; = &) (16) Then
> a, converges absolutely by the RT.
© IS (AST)

Solution (AST): Letay = (2‘%/); Since the sequendg,|} decreases to 0 as— oo, then) a,

converges by the AST. The serig@sa,| is a divergent p-series §1/4), hence} a, converges
conditionally.
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(d) po, CUm (DT or RT)

3n
{ Note: AST does not apply, since the terms of the sequﬁﬁ‘eg'ﬂ

}do nottendto 0 as — oco. }

Solution (DT): Leta, = (‘é—)nn”' Thenlay| — o0 asn — oo (see #1(c)). Sincey| does not tend to
0, thena, does not tend to 0. Thug;, a, diverges by the DT.

(-1 (n+1)
3n+1

: _ (1™ (n+2)13n
— ] -
( ? !

(~1)"ni3™T

_ nil
- 3

Solution (RT): Leta, = ™. Then

— 00 ASN — o©o.

an+1
an

Therefore ), a, diverges by the RT.

Bonus Question
Suppose you arefiered the choice between the following four deals, where you get the following
specific dollar amounts on the day indicated. Assume the deal lasts forever.

Deal# Dayl Day2 Day3 Day4 ...

1 $1  $0.50 zof$l Zof$l

2 $1 $0.50 % of $1 % of $1 Which deal should you choose to en-
3 $1 $0.50 % of $1 2i4 of $1 ... sure you receive an infinite amount of
4 $1  $0.25 Iof$l Lof$l ... money? Justify your answer.
Solution:
Deal il+2+Z+2t+...+x+...= Yng5 = Z;‘;O(%)n, a convergent geometric series{y2)

Deal 2:

Deal 3:

Deal 4:

whose sum i% = 2. So, Deal 1 yields a maximum of $2.
2

1 1 l 1 _ 00 1 . . . . . .
1+5+5+7+...+5+...= 37, 5, adivergent p-series §i). So, Deal 2 yields an infinite
amount of money.

1 1 1 1 _ o 1 i i i
l+5+5+5+...+5+...= X0 ok We can determine the convergence of this series

using the RT. Le, = . Then®: = TT = o = a1 — 0<1lasn— oo Thus,3 ;1 is

convergent, by the RT. So, Deal 3 yields a finite amount of money.

[Actually, the value of the related serig¥ , n—l, is known to bee, derived from the Maclaurin series
for e whenx = 1. See Section 8.7 of the textbook. Sty 2 - 2 (2 =3 1 =(e-1)]

n=0 n!

1+ +5+15+...+5+...= Yoy 5, which is a convergent p-series<). So, Deal 4 yields a

finite amount of money.

[Actually, we can tell from the IT that the value for the series must be less than 2. (See pages 577-578
of the textbook.) A complicated proof, using power series (Sections 8.5 and 8.6 of the textbook), and
beyond the scope of this course, reveals the actual vaitfgés]

Conclusion: Select Deal 2, since it will generate an infinite amount of money.



