MATH 128 Calculus 2 for the Sciences, Solutions to Assignment 11

: Find the first partial derivatives for each of the following functions at the given point.
(a) f(z,y) = tan™" (z/y) at (1,4).

Solution: We have % = H‘/ﬁy o %(1 4) = 2, and % = ffw\/; S0 8y(l 4) = 1é4 = .

(b) g(x,y,2) = 2% at (2,-2,1).

Solution: We have % =4 2 ' so gg(? —2,1) = —=2-273 = —1_ and we have gg =z 2% 150
y z

3—5(27—2, 1)=n2-272= %ln2, and we have gg —lnz-2¥/*. — s0 %(2,—2, 1)=In2-272.2= %ln2.
Let u(z, t) L Show that 2 82“(th t] lled the heat equation).

: Let u(z,t) = ————. Show tha is equation is called the heat equation
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Solution: Note that we can write u = t~1/2¢=2"/4_ We have % = (—%t_?’/Q +¢1/2 %) e~ /4 and
we have 9% = ¢1/2. =2z e~ /4t = —%t’3/2xe’x2/4t and so % = —1¢73/2 (1— %) e~ T /4t =
(7% +-3/2 4 %t*"’”) o—t3/4 — %'

: Let P be the tangent plane to the surface z = vz + e=*¥ at the point (3,0,2). Find the standard equation
for P, and find a vector (or parametric) equation for the line of intersection of P with the zy-plane.

Solution: We have z = vz + e=2¥ so 2(3,0) = 2, and we have 2 == ;\;% SO aL 2(3,0) = 1, and we have

9z _ _—me "V 3 . . o941 3
5 = 2\/% SO 81/ Z(3,0) = —3. Thus the equation of the tangent plane at (3,0,2) is z = 2+ ;(r—3) — 3 ¥,

that is 4z = 8+ — 3 — 3y, or equivalently x — 3y — 4z = —5. To find the intersection with the zy-plane, we
put in z =0 to get © — 3y = —5. A vector equation for this line is (z,y) = (1,2) + ¢(3,1).

: Find all the points at which the surface z = 223 + xy? + 522 + 32 has a horizontal tangent plane.

Solution: We have = 622 +y? + 10z and az = 2xy + 2y. The tangent plane will be horizontal when both
%:Oandg—;:o. Notethat 62 =0 < 2y( 1)=0 < x*flory*() When x = —1, we have
%:y2—4:(y—|—2)(y—2) so 830 =0 < y==+2 Whenyszehave 2 = 622 + 10z = 6z (v + 3) so

gi =0 <= x=0orz=—32. Thus the tangent plane is horizontal at the pomts where (z,y) = (—1,2),
(—=1,-2), (0,0) and (—g, ), that is at the points (z,y,2) = (-1,2,3), (—1,-2,3), (0,0,0) and ( ,0, 12275)

: Redo problem 5 from last week’s assignment in the following way. Let p = (1, —1,v/2).
(a) Find the equation of the tangent plane to the cone z = /a2 + y? at the point p.
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Solution: For z = /2% + y?2, we have 32 = m and = \/xéJTyQ7 so z(1,-1) = V2, §&(1,-1) = 7
and g—;(l, -1) = —%. The equation of the tangent plane at (1, —1,v/2) is z = v/2 + %(m -1)- %(y +1),

which we can write as V22 =2+ (z — 1) — (y+1),oras 2 —y — /22 = 0.
(b) Find the equation of the tangent plane to the sphere x2 + y? + 22 = 4x at the point p.

Solution: For z = y/4z — 22 — y2 we have 22 = ——2=2__ and @ = —%  andso z(1,-1) = V2
VAar—x2—y? VAadr—x2—y?2 ’ ’

921 1) = L and 22(1,-1) =

9a\ V2 and gy (L

. Thus the equation of the tangent plane is z = v/2+—= (x—l)—l—% (y+1),
or equivalently v/2z = 2+ (z — 1) (y+1),orz+y—v2z=-2.
(c) Find a vector (or parametric) equation for the line of intersection of the above two planes.

Solution: We solve the two equations z —y —v22 =0 (1) and z +y — 22z = —2 (2). Subtract (1) from
(2) to get 2y = =2 s0 y = —1. Put y = —1 into equation (1) to get z — 22z = —1, 50 ¢ = —1 + 22 If
we set z = t then we have x = —1 + /2t and y = —1, so a vector equation for the line of intersection is
(z,y,2) = (=1 4+ v/2t,—1,t). (Note that this is not identical to the solution we obtained in assignment 10;
it is an alternate vector equation for the same line).
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