MATH 128 Calculus 2 for the Sciences, Solutions to Assignment 5

: Consider the parametric curve given by z =t + % and y =t — %
(a) Sketch the curve.

Solution: We make a table of values then plot the curve.

.
t T Y //
4 17/4 15/4 ¢
3 10/3  8/3 /
2 5/2  3/2 [
12 0 H
1/2 5/2 -3/2
1/3 10/3 —8/3 \
1/4 17/4 —15/4 “\\
"
"

(b) Eliminate the parameter t to find an implicit equation for the curve.

Solution: We have 2% = t? + 2+ 5 and y? = t* — 2+ %, and so 2? — y? = 4. This is an implicit equation
for the curve. We also remark that since the curve only follows the right-hand branch of the hyperbola
2?2 — y? =4, it is given by the equation z = /4 + y2.

(c) Find the equation of the tangent line to the curve at the point where ¢t = 2.

Solution: We have 2’ =1— % and y =1+ ;5. When ¢ = 2, we have (z,y) = (2,2) and (2/,y) = (2,2) so

= ’ 401
that % =¥ = %, and so the equation of the tangent line is (y — %) = %(w - g), which can also be written
as or — 3y = 8.

d?y
d) Find —= at the point where ¢ = 2.
dx2?
x
d M 1+ 241 &2y @ (gﬂ) (2 —1) — 22 +1)  —Af3
Solution: ¥ = ¥ = = so 2 — = = =, and
de  2'(t) 1-% t2-1 " da? ' (t) (2 —1)2(1—- %) (t2 —1)3°

d2
when ¢t = 2 we have ¢y =32

dx? =2



2: Consider the parametric curve given by z = %(t3 —3t?) and y = t? — 4t with —1 <t < 4.

(a) Sketch the curve, showing all  and y-intercepts and all horizontal and vertical points.

Solution: We have v = 0 <= 1(t*-3t?) =0 < 1t*(t—3) =0 <= ¢ =0 or 3, and we have
y=0 <= 2 -4t =0 < t(t—4) =0 < t=0or4 Also, (2/(t),y'(t)) = (3(3t* — 6t),2t — 4) =
(% t(t—2), (t—2)) and so 2/(t) =0 <= t=0o0r 2, and 3/(t) =0 <= t = 2. There is a vertical point at
= 0, and there is a cusp when ¢ = 2. We make a table of values and plot points.

t x Y
-1 -2 5
0 0 0
1 -1 -3
2 -2 —4
3 0 -3
4 8 0

(b) The curve has a cusp (a sharp point). Find the slope of the curve at the cusp.

d (¢ 2(t —2 4 d
Solution: We have <2 — ¥ (®) =3 ( ) _ —, when t # 2. At the cusp, t = 2 and we have hm Y %
dr  2'(t)  St(t—2) -3t 2 dx

(c) Find the area of the region which is bounded by the curve and the z-axis.

Solution: The area between the portion of the curve with 2 < ¢ < 4 and the z-axis (with —2 < 2 < 8)

4
is Ay = —/ y(t) 2/ (t) dt (since y(t) is negative), and the area between the portion of the curve with
t=2

2
0 <t < 2 and the z-axis (with =2 < 2 < 0) is Ay = / y(t) 2’ (t) dt (since y(t) and z’(t) are both negative).
t=0
4 4
So the area of the desired region is A = A; — Ay = 7/ y(t) 2 (t) dt = f/ (t* —4t) - 1(3t2 — 6t) dt =
t= 0

4 4

0
—[t3(§)t2—2t+4)} =—64 (% -9+4) =

4
3 44 3 2 _ 3 45 914 3
—/0 St — ot + 12t dt_—{wt—g +4t} i

0



2
3: Consider the polar curve r = ?ﬂ

(a) Sketch the portion of the curve with § < 6 < 4.

Solution: We make a table of values and sketch the curve.
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(c) Find the arclength of the portion of the curve with 7 < 0 < 27.

27 2 2
Solution: The arclength is L = \/ 24 7(0)2do = / \/ i 02) df = / 02

2m 2 /N2 1 2m 2
:/ %d@. Lettan¢=980thatsec¢>:\/1+92andsec2¢d¢=d9. ThenL:/ TLQ(Z(M)
T 0=m an
2m 27 d 21 )
= / 7r7¢2 = / ﬁ.CZSQSd,(bQ . Now let u = sin¢ so that du = cos¢d¢. Then we have
g—r COS @ SIn” ¢ 9=n (1 —sin® @) sin” ¢

27 du 27 1 1 1 1 27
L =2 — =2 2 Zdu =27|im)1 S ) p—
W/g_ﬂ(l—UQ)uQ ﬂ/9:ﬂ1+u+1—u+ U 7T|: n|l +ul — 5In| ul UQL—W

1 27 1 } 1 27 1 . 2 1 27
- — = 27 %ln +5%n¢ — — = 27 lln (1 +sing) — —
u? |, 1—sing sing|,__ cos2 ¢ sing | ,_ .

. 2 2
27r[1n<1+sm¢>— ,1 ] :27r[ln(tan¢+sec¢)—csc¢]

cos ¢ sing | ,_. P

=27ln (27r+ \/47r2+1> f\/47r2+1727r1n(7r+ \/772+1) + 24/ 72 + 1.

—27r[1n(9+\/927) ﬁhﬂ



4: Consider the polar curve r =1 — 2sin 6.

(a) Sketch the curve.
Solution: We make a table of values and then sketch the curve. The curve is symmetric in the z-axis.

0 r
—m/2 3
—n/3 1++3
—7/6 2

0 1 .
/6 0 C)
/3 1—+/3

/2 -1

(b) Find the area of the inner loop of the curve.

so that the line 8 = Z is tangent to one branch of the curve at

Solution: Note that since r = 0 when 6 = %, &

w/2 /2
the origin, the area of the small loop is given by A = 2/ %(172sin )2 df = / 1—4sinf+4sin®0do =
/6 /6
/2 w/2
/ 1—4sinf+2 — 2cos20 df = 36‘+4cos€sin29] ¥z - (3+2/3- ) =r-24.
w/6 w/6



5: A circular hoop of radius 1 is fixed in position centered at the origin (0,0). Another hoop of radius 1, initially
centered at (2,0), rolls without slipping once around the first hoop.

(a) Find a parametric equation for the curve followed by the point on the second hoop which was initially
at (3,0).

Solution: The center of the second hoop follows the circle of radius 2 centered at (0, 0), so the position of the
center of the second hoop is given by (x,y) = (cost,sint). Note that as the second hoop rolls once around
the first hoop, it must spin twice about its own center (so that it rolls without slipping), so the position
of the point on the hoop which was initially at (3,0) is given by (x,y) = (2cost,2sint) + (cos 2¢,sin 2t) =
(2cost + cos2t,2sint + sin 2t).

(b) Find the total distance travelled by the point on the second hoop.

Solution: The distance travelled is the same as the arclength of the curve, which is given by
L= 2/ V()2 4y (¢)? dt
t=0

2/ V/(=2sint — 2sin 2t)2 + (2cost + 2 cos 2t)2 dt
0

4/ V/(sint + sin 2t)2 + (cos t + cos 2t)2 dt
0

4/ \/Sin2t+281ntsin2t+sin2 2t + cos? t + 2 cost cos 2t + cos? 2t dt
0

4/ V2 + 2sintsin 2t + 2 cost cos 2t dt
0

4/ \/2+251nt(281ntcost) + 2cost(1 — 2sin?t) dt
0

T
4/ \/2—|—4sin2tcost+2cost—4sin2tcost dt
0

4/ V24 2cost dt
0
:4/ V4 cos?(t/2) dt
0
:8/ cos(t/2) dt
0

- [16 Sin(t/2)}
~ 16

™
0



