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1.1 Exercises
1.1.1 Pauli Matrices
Let us define the following 2× 2 matrices:

σX =

(
0 1
1 0

)
, σY =

(
0 −i
i 0

)
, σZ =

(
1 0
0 −1

)
. (1.1)

We will also use the notation σ1 = σX , σ2 = σY , σ3 = σZ . Additionally, we also define
σ0 to be the 2× 2 identity matrix. Check that they satisfy the following properties:

1. Each σj , for j = 0, . . . , 3, is unitary, Hermitian, and squares to the identity (i.e. it
is an involution);

2. The set {σj}3j=0 is an orthonormal basis of M2 (with respect to the Hilbert-
Schmidt scalar product);

3. The product of two Pauli matrices is given by

σjσk = δj,k1+ iεjklσl, ∀j, k = 0, . . . , 3 (1.2)

where εjkl is the Levi-Civita symbol.

1.1.2 Bloch sphere
Let ω : M2 → C a linear functional.

1. Show that ω can be written as

ω(X) = tr(ρX), ∀X ∈ M2

where ρ is given by

ρ =
1

2

3∑
j=0

xjσj , xj := ω(σj).

In the following, we will denote x̂ = (x1, x2, x3).

2. Show that the eigenvalues of
∑3

j=1 xjσj are ±‖x̂‖, where ‖x̂‖ is the Euclidian
norm.

3. Show that the following are equivalent:
a) ω is a state;
b) ρ is positive semidefinite and has trace 1;
c) x0 = 1 and ‖x̂‖ ≤ 1.
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ρ is called the density matrix or density operator of ω.

4. Show that the following are equivalent:
a) ω is a pure state, i.e. it cannot be written as a non-trivial convex combination

of states;
b) ρ is a rank-one projection;
c) x0 = 1 and ‖x̂‖ = 1.

This exercise justifies the notion of the Bloch sphere. Each element in the closed unit
ball of R3 corresponds uniquely to a state ω. Points on the 2-sphere are the pure states,
while the center corresponds to the maximally mixed state X 7→ 1

2 trX, which can be
seen as the uniform mixture of any basis of pure states. x̂ is sometimes called the Bloch
vector of a state ω, and the set of Bloch vectors of pure states is called the Bloch sphere.
It turns out that the mapping from a norm-one vector |ψ〉 ∈ C2 to the corresponding
Bloch vector x̂ on the Bloch sphere is exactly the Hopf fibration map.

5. Given two pure states |φ〉 and |ψ〉, show that |〈φ|ψ〉|2 is equal to 1
2(1 + cos(θ)),

where θ is the angle between their Bloch vectors.
Hint: |〈φ|ψ〉|2 is the expectation value of the density matrix of one state with
respect to the other one.

1.1.3 Schmidt decomposition
Let HA and HB finite-dimensional Hilbert spaces and |ψ〉 ∈ HA⊗HB. The Schmidt de-
composition tells us that there exist two orthonormal sets {|ui〉}ri=1 ⊂ HA and {|vi〉}ri=1 ⊂
HB and positive real scalars λ1, . . . , λr, such that

|ψ〉 =
r∑

i=1

λi |ui〉 ⊗ |vi〉 . (1.3)

The number r is called the Schmidt rank or Schmidt number of |φ〉. We want to prove
that this decomposition exists.

Fix arbitrary orthonormal bases {|ai〉}dAi=1 of HA and {|bj〉}dBj=1 of HB, respectively.
Let C = (cij) ∈ MdA×dB where the entries cij aredefined by

|ψ〉 =
dA∑
i=1

dB∑
j=1

cij |ai〉 |bj〉 .

1. Let U ∈ MdA and V ∈ MdB unitaries, and D = (dij) = UCV ∗. Show that there
exists orthonormal bases {|αi〉}dAi=1 of HA and {|βj〉}dBj=1 of HB such that

|ψ〉 =
dA∑
i=1

dB∑
j=1

dij |αi〉 |βj〉 .

2. Use the Singular Value Decomposition of C to construct the Schmidt decomposi-
tion of |ψ〉.

3. Show that ‖ψ‖2 =
∑r

i=1 λ
2
i . In particular, this implies that if |ψ〉 is normalized,

then (λ2i )
r
i=1 is a discrete probability distribution, known as the entanglement

spectrum.
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1.1.4 Partial traces
Here we will construct the partial trace and the reduced density matrix of a state
ω(·) = tr(ρ·) on a bipartite system HA ⊗HB. This corresponds to the classical notion
of a marginal of a probability distribution.

Definition 1. If ω : B(HA ⊗HB) → C is a state, we define two restricted states:

ωA : B(HA) → C, ωB : B(HB) → C,

X 7→ ω(X ⊗ 1B), Y 7→ ω(1A ⊗ Y ).

Let ρ ∈ B(HA ⊗HB), ρA ∈ B(HA), and ρB ∈ B(HB) the density operator of ω, ωA and
ωB respectively.

We want to show the relationship between these density operators.

Definition 2. The partial trace TrA is defined as the unique linear operator TrA :
B(HA ⊗HB) → B(HB) such that

TrA(X ⊗ Y ) = tr(X)Y, ∀X ∈ B(HA),∀Y ∈ B(HB). (1.4)

TrB : B(HA ⊗HB) → B(HA) is defined analogously.

1. Check that TrA and TrB are well defined, and that tr ◦TrA = tr = tr ◦TrB.

2. Show that ρA = TrB ρ and ρB = TrA ρ.

3. Assume that ω is a pure state corresponding to the vector |φ〉. Write ρA and ρB
in terms of the Schmidt decomposition of |φ〉. Conclude that they have the same
spectrum, coinciding with the entanglement spectrum of |φ〉.
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