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Longitudinal dynamics and acceleration
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Longitudinal dynamics and phase stability
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We consider particles periodically traversing an accelerating station

Under what conditions is motion stable?

What are the features of this motion?

(phase stability, synchrotron oscillations, …)

At first, longitudinal oscillations can be treated independently of 
transverse oscillations. In general, they are coupled.
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Motion of the sample particle with respect to the ideal particle
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Vrf = V ⋅ sin(ωrft)

Choice of synchronous phase 
determines acceleration, 
deceleration, or constant energy
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How do the energy and phase 
of the sample particle evolve?
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How does the revolution period depend on momentum?
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larger momenta result in shorter 
revolution times (“normal” regime)

Therefore

larger momenta result in longer 
revolution times (“relativistic” regime)
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Evolution of energy and phase deviations

127

(ΔE)n+1 = (ΔE)n + qV(sin ϕn − sin ϕs)

ϕn+1 = ϕn +
ωrfτη
β2Es

(ΔE)n+1

Motion is represented by an iterated discrete map (instead of a differential equation) 
linking energy deviations and phase

Is motion stable?

There are stable regions (“buckets”) where particles 
oscillate around the synchronous particle

[derivations in Edwards and Syphers, Ch. 2]
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Continuous approximation of discrete map for small oscillations
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d2(Δϕ)
dn2

+ (−
ωrfτηqV cos ϕs

β2Es )(Δϕ) = 0

Δϕ ≡ ϕ − ϕs

n continuous

η ⋅ cos ϕs < 0 for stability

Harmonic oscillator with frequencies
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in number of turns
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Topology and features of longitudinal phase space
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Observations
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• At the transition energy ( ) there are no phase oscillations — 
motion is “frozen”

• Linacs always operate below transition. As the energy increases, 
they approach transition and constant phases.

• The discrete map of energies and phases is non-linear. 
Oscillation frequencies are not constant — they decrease with 
amplitude

η = 0


