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•  FFT computes the Discrete Fourier Transform (DFT) of a series: 
Let x = x0, ..., xN-1 are complex numbers. The DFT of x is the sequence X = X0, …, XN-1  
                                                                 
                                                                 
                                                              
 
, i.e.,      X = FN x,        where     FN  =                                                                   ,   wN = e-(2πi/N)  
                                                                                                                                                                                                           = cos(2π/N) – i sin(2π/N) 

                                                                                                                                                                                                   is a primitive Nth root of unity  
 

* DFT can be computed as GEMV in 2N2 flops but FFT can do it in 5 N log2 N flops!                                   

•  The Inverse Discrete Fourier Transform (IDFT) is similarly defined except that the e exponents are 
taken as  i 2π k n / N , and elements divided by N 
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Applications Relying on Parallel FFTs 
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Examples of FFT use 
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• Spectral methods to solve PDEs 
    Δ u(x, y) = f(x, y),  
   where f is periodic in x and y, i.e., f(x + 2π, y) = f(x, y + 2π) 

   Take Fourier transform F on both sides, so 

            F  Δ u(x, y) = F f(x, y) 

 
      =>  - (j2+k2) (F u)j,k = (F f)j,k 

 
         =>  (F u)j,k = -1/(j2+k2)  (F f)j,k 

     
         =>       u = F-1 (- 1/(j2+k2) .* F f ) 
        



Examples of FFT use 
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• Compression 
    >> A = imread( ’Fourier’ , 'jpeg’ ); 
    >> imshow(A); 
    >> [nx,ny,nz] = size(A) 
         512    417    3 
 
    >> FA = fft( A ); 
    >> thresh=0.01*max(abs(FA(:))); ind=abs(FA)>thresh; cFA=FA.*ind; 
    >> count=nx*ny*nz-sum(ind(:)); percent = 100-count/(nx*ny*nz)*100 
         percent = 8.59 
 
   >> Afilt = ifft( cFA ); 
   >> imshow(uint8(Afilt)); 

        
      



Examples of FFT use 
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• Convolution 
 
Convolutions  f * g of images f and filers g can be accelerated through FFT,  
as shown by the following equality, consequence of the convolution theorem: 
 
         f * g = FFT-1 [ FFT( f ) .* FFT( g ) ], 
 
where .* is the Hadamard (component-wise) product, following the ‘.*’ Matlab notation 
 

 
    >> m = 100;               n = 50; 
    >> f = rand(m, 1);     g = rand(n, 1); 

    >> F = fft(f, m+n-1); G = fft(g, m+n-1); 
    >> norm( conv(f, g)  -  ifft( F .* G)) 
         ans = 
         5.769457742102946e-14 



heFFTe 
Highly Efficient FFTs for Exascale 
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heFFTe  
Highly Efficient FFTs for Exascale 

•  There were many FFT libraries but no GPU 
support for large-scale distributed systems  

•  HeFFTe did not exist and goal was to add GPU 
support while leveraging and extending existing 
capabilities 
–  Added quickly support for NVIDIA GPUs to cover 

fftMPI and SWFFT functionalities  
–  Still explored design choices on language, 

precisions, versions, how to add other 
architectures, how to leverage other FFTs, etc. 

–  Decided to move from LAPACK/MAGMA software 
engineering and develop in C++ to easily handle 
data types, parameterizations, architectures, and 
configurable use of multiple FFT libraries 

•  C++ library with backends for Nvidia GPUs, AMD 
GPUs, Intel GPUs, and multicore CPUs  
(with framework to easily add others, if needed) 

•  Backends are used not just for architectures but 
also for leveraging 3rd party FFT libraries (e.g., 
Stock, FFTW3, MKL, oneMKL, cuFFT, rocFFT)  

•  Support for multiple precisions, real and complex 

•  Support for many FFT-based functionalities 



heFFTe 
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Capabili'es:	  
●  Mul'dimensional	  FFTs	  
●  C2C,	  R2C,	  C2R	  
●  DCS,	  DST,	  and	  convolu'on	  
●  Batched	  FFTs	  
●  Support	  flexible	  user	  data	  layouts	  
●  Leverage	  and	  build	  on	  exis'ng	  FFT	  capabili*es	  through	  mul'ple	  backends	  	  

	  

Pre-‐exascale	  environment:	  
●  Summit	  @	  OLCF	  (Nvidia	  GPUs)	  
●  Crusher	  /	  Fron*er	  	  (AMD	  GPUs),	  and	  others	  
●  Floren*a	  /	  Aurora	  (Intel	  GPU)	  
	  

Current	  status:	  
●  heFFTe	  2.3	  with	  support	  for	  CPUs,	  Nvidia	  GPUs,	  AMD	  GPUs,	  and	  Intel	  GPUs	  
●  Very	  good	  strong	  and	  weak	  scaling,	  reaching	  up	  to	  90%	  of	  roofline	  peak	  
	  

Open	  Source	  SoTware	  
●  spack installation and integration in xSDK 
●  Homepage:	  hVp://icl.utk.edu/Y/	  

Repository:	  hVps://bitbucket.org/icl/heYe/	  	  	  	  
	  

	  	  

heFFTe Highly Efficient FFT for Exascale (heFFTe). Scalable, high-performance multidimensional FFTs; Flexible; 
User-friendly interfaces (C++/C/Fortran/python); Examples & benchmarks; Testing; Modified BSD license. 



Availability!
•  http://icl.utk.edu/fft/ download, documentation

•  https://bitbucket.org/icl/heffte Git repo

•  Latest release is heFFTe 2.3

Support!
•  Linux

•  CPU, Nvidia GPUs, AMD GPUs, Intel GPUs

•  CUDA >= 7.0; recommend latest CUDA

•  CUDA architecture >= 2.0 (Fermi, Kepler, Maxwell, Pascal, Volta, Ampere, Hopper)

•  1D FFTs: Stock, cuFFT, FFTW, oneMKL, IBM ESSL, rocFFT, ...
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heFFTe Availability



Installation options
1.  Cmake!

•  "


•    

•     

2.  Spack!
!

      !

3. Dependencies are 1D FFTs (open source or vendor) libraries!

    Stock, CUFFT (NVIDIA), oneMKL (Intel), FFTW3, ROCFFT (AMD) !
!

For further detail see:  https://bitbucket.org/icl/heffte/src/master/doxygen/!
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heffte> mkdir build && cd build !

heffte/build> cmake -DHeffte_ENABLE_CUDA=ON ..!

heffte/build> make –j && make install !

To  install GPU-enabled heFFTe, e.g., for NVIDIA GPUs:  

•   Part of xSDK and E4S !
•   spack install heffte!



Installation options ...
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For further detail see:  https://bitbucket.org/icl/heffte/src/master/doxygen/!



heFFTe backends
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heFFTe backends
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heFFTe implementation
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heFFTe Overview
Support flexible user data layout input/output (pencils/cubes/slabs)!

!

!

!

!

!

2-D and 3-D FFTs!
C2C, R2C, and C2R transformations!
DCS, DST, and convolution!
Batched FFTs!
CPU and GPUs (Nvidia, AMD, and Intel)!
Multi-precision FFTs!
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heFFTe Strong Scalability – Summit  
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heFFTe Weak Scalability
•  2x speedup over state-of-the-art CPU libraries, FFTMPI, SWFFT
•  2x speedup over GPU library FFTE.

Forward and backward FFT on a Complex 3D array in double precision.
Using 6,144 NVIDA V100 GPUs (6/node) and 40,960 IBM Power 9 cores (40/node).



heFFTe Roofline analysis 

Roof-line performance model – heFFTe performance on a 3-D FFT of  
size 10243 using  6 MPI/node, 1 GPU-Volta100 per MPI for Summit, and  
48 A64FX per node on Fugaku.  



FIBER FFT benchmark (https://github.com/icl-utk-edu/fiber) 



FIBER FFT benchmark (https://github.com/icl-utk-edu/fiber) 



heFFTe API 

  Input processor grid 
std::array<int,3>  proc_i 

std::vector<box3d<index>> inboxes   = heffte::split_world(world, proc_i); 
std::vector<box3d<index>> outboxes = heffte::split_world(world, proc_o); 

  Output processor grid 
   std::array<int,3>  proc_o 

 
 
1. Definition of input/output processors grids (normally provided by users):  

 
 
2. Distribute data among processors using box3D objects at input and output : 

If user only has their MPI communicator and number of processors, we provide a routine to generate above grid of processors:  
heffte ::proc_setup_min_surface(my_mpi_comm, nprocs); 

 
 
3. Select type of FFT intermediate reshape, via one of the following flags: 



heFFTe API 

fft.forward(output_array, output_array, workspace.data(), scale::full); 
fft.backward(output_array, output_array, workspace.data() ); 
 

 
 
4. Create FFT plan: 

 
 
5. Compute an in-place parallel 3D FFT: 
 

auto fft = heffte :: make_fft3d<backend_tag>(inboxes[me], outboxes[me], my_mpi_comm, options); 
 

backend_tag: Corresponds to the FFT library for local computations (e.g., FFTW3, CUFFT, MKL) 
options: Contains information from flags set by users 

heffte::add_trace(“Initiating tracing”); 

workspace.data(): Can be given by the user or calculated by heFFTe for stablishing a computation 
workspace  
scale::… : The scaling options are full, none and symmetric    

 
6. Tracing functionality can be added within your code to generate a runtime trace for 
performance analysis. 

heffte::add_trace(“Ending tracing”); 

---Code to be traced --- 

std::complex<my_precision_type> *output_array; 



Test drivers / examples / benchmarks"
      Directory benchmarks provides speed3d_c2c, speed3d_r2c, speed3d_r2r, and convolution benchmarks"
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heFFTe API
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heFFTe API
Test drivers / examples / benchmarks
 
/* mpirun */ 
mpirun -np  2  speed3d_c2c  fftw  float 4 2 2 –a2a  








Test drivers / examples / benchmarks
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heFFTe API
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heFFTe tracing tools
•  We provide our own tracing function and scripts for direct link with vendor profilers.





Integration to ECP EXAALT 



Integration to ECP EXAALT 



Tuning heFFTe 



Collaborators and Support 


